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Extended generalized quadrangles (EGQ) are the geometries associated with the 
Buekenhout diagram o ’ c-0, where e is the diagram for 
generalized quadrangles. In this paper we survey the two cases where an (EGQ) is 
either a 2-design or a locally polar space of polar rank 2. 0 1989 Academic Press, Inc. 
INTRODUCTION 
A generalized quadrangle (GQ) of order (s, t) is a finite point, block 
incidence structure that satisfies: 
(i) each point is on t + 1 blocks (t 2 1) and two distinct points are 
on at most one block; 
(ii) each block contains s + 1 points (s 2 1) and two distinct blocks 
meet in at most one point; 
(iii) if y is a block and P is a point not on y then there is a unique 
block containing P that meets y. 
It is easy to prove that a GQ of order (s, t) has (s + l)(st + 1) points and 
(t + 1 )(st + 1) blocks. For a survey of GQs see [lo]. 
For any point P of an incidence structure S let Sp be the incidence struc- 
ture consisting of the points of S joined to P and the blocks of S that con- 
tain P. An extended generalized quadrangle (EGQ) of order (s, t) is a finite, 
connected, incidence structure S with u points and b blocks such that for 
any point P, S, is a GQ of order (s, r) (if P and Q are distinct points then 
S, and S, are not necessarily isomorphic). 
For any nonflag (P, y) let e be the number of points on y joined to P. In 
Section 1, we show that e is always even and find a non-existence result for 
when S is a 2-design. In Section 2, we consider the case where e is either 0 
or 2 (in which case S is a locally polar space of polar rank 2 [Z]) and 
obtain some bounds for the parameters of S. In Section 3, we give a proof 
of a result due to Shult [8] that classifies all EGQs with s = 1. 
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1. BASIC RESULTS AND ~-DESIGNS 
As an immediate consequence of the definitions we have the following 
result. 
LEMMA 1.1. An EGQ of order (s, t) satisfies: 
(i) the number of points joined to a point is (s+ l)(st + 1); 
(ii) the number of blocks on a point is (t + 1 )(st + 1); 
(iii) the number of points on a block is s + 2; 
(iv) two points are joined by 0 or t + 1 blocks; 
(v) two blocks meet in 0, 1 or 2 points. 
LEMMA 1.2. Let S be an EGQ of order (s, t) and let y be a block and P a 
point not on y. Let e be the number of points on y joined to P, then e is even. 
Proof: Let Q be a point on y joined to P. Then in the GQ S, we have a 
block y and a point P not on y. Hence there exists a unique block in S, 
through P that meets y in exactly one point. It follows that in the EGQ 
there is a unique block through P and Q that meets y in two points (one of 
which is Q). From the existence and uniqueness of this block it is easy to 
see that e is even. 
COROLLARY. The number of blocks through P that meet y is et + e/2. 
Proof It follows from the lemma that there are e/2 blocks through P 
that meet y in two points. It also follows that if Q is a point on y joined to 
P then there are t blocks through P and Q that meet y only in Q. Hence 
there are et blocks through P that meet y in one point. 
LEMMA 1.3. Let S be an EGQ of order (s, t). Zfany two blocks of S meet 
in at least one point then s = 2, t = 1, and S is a 2-design. 
Proof: Let y be a block and P be a point not on y, and assume that any 
two blocks meet in at least one point. Then the number of blocks through 
P is (t + 1 )(st + 1) all of which meet y in at least one point. From the 
corollary to Lemma 1.2 we have (t + l)(st + 1) = et + e/2 and using the 
inequality e < s + 2 we obtain (t + l)(st + 1) < (s + 2)( t + l/2) which 
reduces to s(2t2 - 1) < 21. Since s > 1 we have 2t2 - 1 < 2t which gives t = 1 
and then s< 2. From the original equality we have 4(s+ 1) = 3e which 
implies that s = 2 and e = 4. Finally since e = s + 2 any two points of S are 
joined and hence S is a 2-design. 
THEOREM 1.4. Let S be an EGQ of order (s, 1). Zf S is a 2-design then s is 
even and s + 2 divides (2t - 1) 2t(t + 1). 
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Proof It follows from Lemma 1.2 that s is even. If S is a 2-design then 
u = (s + l)(st + 1) + 1 and applying the equality bk = ur with k = s + 2 and 
r=(t+ l)(st+ 1) we have 
b = (t + l)(st + l)(s2t + st + s + 2)/(s + 2). 
COROLLARY. Zf t = 1 then s = 2. 
EXAMPLE 1.5. A GQ of order (s, 1) is called a net and trivially there is 
a unique example for any s 2 1. From the corollary to 1.4 if an EGQ S of 
order (s, 1) is a 2-design (with u = (s + 1)2 + 1, k = s + 2, 1E = 2) then s = 2 
and it follows from Lemma 1.3 that S is quasi-symmetric [6]. A unique 
example of a quasi-symmetric design with the above parameters exists and 
is the residual design of the unique symmetric 2-( 11, $2) design [S]. It is 
easy to check that this design is an EGQ. 
2. LOCALLY POLAR SPACES 
The point graph of an incidence structure is the graph whose vertices are 
the points of the structure with two vertices adjacent if and only if they are 
joined as points. Let r be the point graph of an EGQ S of order (s, t) then 
r is regular with valence (s + l)(st + 1). 
A graph with n vertices is strongly regular (with parameters n, II, c, d) if 
every vertex is adjacent to exactly a other vertices and the number of 
vertices adjacent to two distinct vertices P and Q is c or d, depending on 
whether P and Q are adjacent or not. For any point P of an EGQ S let rP 
be the point graph of SP, then it is well known that rP is strongly regular. 
In general the subgraph of r consisting of all vertices adjacent to P does 
not have the same parameter set as rP. 
Throughout this section let S be an EGQ of order (s, t) with the 
property that for any point P and block y not on P, the number of points 
on y joined to P is 0 or 2. Then S is equivalent to a locally polar space of 
polar rank 2, many examples of which are known and can be found in [2]. 
LEMMA 2.1. Let P and Q be two joined points of S. Then the number of 
points joined to both P and Q is s( t + 1). 
Proof: Let R be a point joined to both P and Q, and let z be a block 
through Q and R but not P. Then Q and R are the only two points on z 
joined to P and hence by Lemma 1.2 there is a unique block through P, Q, 
and R. Hence any point joined to both P and Q is on one of the t + 1 
blocks through P and Q, and the result follows. 
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COROLLARY. Let r be the point graph of S. Then for any vertex P the 
subgraph of r consisting of the vertices adjacent to P is rp. 
Proof: Let Q and R be two adjacent vertices in the subgraph. Then as 
points of S, Q, and R are joined as well as both being joined to P. Hence 
by the lemma there is a unique block through P, Q, and R and then Q and 
R are adjacent in rP. 
LEMMA 2.2. Let P and Q be two points of S that are not joined and let p 
be the number of points joined to both P and Q. Then either p = 0 or 
2(t + 1) d p < 2(st + 1). 
ProojI Let R be a point joined to both P and Q, and consider the t + 1 
blocks through P and R. Q is joined to exactly two points on each of these 
blocks one of which is R. Hence it follows that Q is joined to t + 1 of the 
s(t + 1) points joined to both P and R. Let T be one of the t + 1 points 
joined to P, Q, and R, and consider the t blocks through P and T but not 
R. Again Q is joined to exactly two points on each of these blocks one of 
which is T. Hence Q is joined to t of the s(t + 1) points joined to P and T, 
other than R. 
Let U# R be one of the points joined to P, T, and Q, and let y, be the 
block through P, T, and U, and y, be the block through P, T, and R. If U 
and R are joined, then by Lemma 2.1 (since P is joined to both U and R) 
there exists a block y, incident with P, 17, and R. But then in the GQ S, 
the three blocks y,, y,, and y, form a triangle which contradicts the 
definition of a GQ. It follows that U is not joined to R and hence there are 
at least 2(t + 1) points joined to both P and Q. 
Finally we assume that all of the (t + l)(st + 1) blocks through P each 
contain exactly two points joined to Q. Then since any two joined points 
are joined by t + 1 blocks it follows that /J = 2(st + 1). 
COROLLARY. Ifs= 1 then p=2(t+ 1). 
As an immediate consequence of Lemmas 2.1 and 2.2 we have 
LEMMA 2.3. Zf p = 2(st + 1) or 0 for all points P, Q that are not joined, 
then the point graph r of S is strongly regular with parameters 
n = 1 + (s + l)(st + 1) + s2t(s + 1)/2, 
a = (s + 1 )(st + 1 ), c=s(t+ 1) and d=2(st+ 1). 
COROLLARY. t+ 1 divides (s- l)(s+ l)(s+2). 
Proof: Applying the rationality conditions [4] for strongly regular 
graphs gives the result. 
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Remarks. Putting t = 1 in Lemma 2.3 we see that c = d - 2 and it is well 
known [4] that a symmetric 2 - (u, k, 2) design can then be constructed 
from r (with v = s3/2 + 3?/2 + 2s + 2, k = s2 + 2s + 2, I = 2s + 2). Trivially, 
a unique example of Lemma 2.3 exists of order (2, 1). In [2, Theorem 41 
examples of Lemma 2.3 can be found with orders (3, l), (3,9), and (4,2). 
LEMMA 2.4. For all points P, Q that are not joined, if p = 0 or 2( t + 1) 
then t+ 1 divides (s- l)s2(s+ 1). 
Proof. If P is a vertex of the point graph r of S then it is easy to 
calculate that the number of vertices at distance two from P is 
(s + l)(st + 1)&/2(t + 1). 
LEMMA 2.5. Let P and Q be two points of S that are not joined. Zf there 
are 2(t + 1) points joined to both P and Q then these 2(t + 1) points can be 
partitioned into two sets X and Y oft + 1 points each such that no two points 
of X are joined, no two points of Y are joined, but every point of X is joined 
to every point of Y. 
Proof: Let R be a point joined to both P and Q. As in Lemma 2.2 let X 
be the set of t + 1 points joined to Q from among the s(t + 1) points joined 
to both P and R, and let Y be the remaining t + 1 points (including R) 
joined to P and Q. It follows from the proof of Lemma 2.2 that no two 
points of X are joined and no two points of Y are joined. 
Now let T be any point of X. Since Q and T are joined there are t + 1 
blocks through Q and T. Each of these blocks contains exactly one point 
joined to P other than T. Since no two points of X are joined each of these 
t + 1 points is in Y. Hence T is joined to every point of Y. 
THEOREM 2.6. Let S be an EGQ of order (s, t) such that e = 0 or 2 and 
p = 2( t + 1) for a pair of points P and Q that are not joined. Then if s > 1, 
t d s. 
Proof: Let P and Q be two points of S that are not joined and suppose 
there are 2(t + 1) points joined to both P and Q. Let y be a block through 
Q that does not contain any points joined to P. Partition the 2(t + 1) 
points joined to P and Q into two sets X and Y as in Lemma 2.5. Each 
point of X is then joined to a point on y different from Q. Let R # Q be a 
point on y joined to X, and X2, where X, and X2 are two points of X. 
Then let y, be the block through Xi, Q, and R, and y, be the block 
through X,, Q, and R. Finally let Y, and Y, be the points of Y on y, and 
y,, respectively. Now since X, E X and Y, E Y, by Lemma 2.5 there exists 
a block y, through Q, Xi, and Y,. Then in the GQ S, there are three 
blocks ~1, ~2, and y3 that form a triangle which contradicts the definition 
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of a GQ. Hence each of the t + 1 points of X is joined to a distinct point on 
y. Along with Q there are then at least t + 2 points on y. Hence either s > t 
or every block of S contains points joined to P, in which case s = 1 by 
Lemma 2.2. 
COROLLARY. Ifs = t and p = 2( t + 1) or 0 for all pairs P, Q that are not 
joined, then I- is strongly regular with parameters 
n = 1 + (s + 1 )(s’ + 1) + s’(? + 1)/2, 
a = (s + 1 )(s2 + 1 ), c = s(s + 1) and d=2(s+ 1). 
Proof Ifs = t all points on any block through Q are either joined to P 
or joined to points that are joined to P. Hence r has diameter two and the 
parameters follow. 
Remarks. Trivially an example of the corollary of Theorem 2.6 exists 
withs=t=2(S=E: of[2]).Alsoanexamplewiths=t=3canbefound 
in [2, Theorem 43. Theorem 2.6 can be proved using a theorem on GQs 
due to Payne [7]. However, the above proof leads to the following result. 
LEMMA 2.7. Let s > t, p = 2(t + 1) or 0 for all pairs of points that are not 
joined and P be any point of S. rf f or each block y not incident with any 
points joined to P, the number of points on y at distance two from P in r is 
t + 2, then r is a diameter three distance regular graph [ 11, with intersection 
array {(s+ l)(st+ l), s2t, t(s- t)(s- l), 1, 2(t+ l), (t+2)(st+ l)}. 
Proof: Trivially r has diameter two or three. Let Q be a point at dis- 
tance two from P. Then there are t + 1 blocks through Q and each of the 
2(t + 1) points joined to P and Q. Each of these blocks contains two points 
joined to P and hence there are (t + 1)2 blocks through Q that contain 
points joined to P. The remaining t(t + l)(s- 1) blocks through Q then 
contain s - t points at distance three from P. Hence if s > t, r has diameter 
three and since any two joined points are joined by t + 1 blocks, Q is joined 
to t(s- l)(s- t) points at distance three from P. 
Finally if R is a point at distance three from P each of the (t + l)(st + 1) 
blocks through R contains r + 2 points at distance two from P. Again since 
any two joined points are joined by t + 1 blocks it follows that R is joined 
to (t + 2)(sr + 1) points at distance two from P. 
COROLLARY. Zf r is antipodal [ 1 ] then t = 1 and s = 2. 
Prooj: If r is antipodal then (s + l)(st + 1) = (t + 2)(st + 1) and 
C(S - t)(s- 1) = 1. Hence s = t + 1 and then (s - 1)2 = 1 which gives s = 2 
and t= 1. 
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Remark. A unique example of S in the antipodal case of Lemma 2.7 is 
known to exist and is constructed using the method of Shult [9]. In this 
case r is the graph (2 .K1,), [3]. 
3. s=l 
As already stated there is a unique example of a GQ of order (s, 1) for 
any s > 1. Since the dual of a GQ of order (s, t) is again a GQ (of order 
(t, s)) it follows that there is a unique example of a GQ of order (1, t) for 
any t> 1 [lo]. 
THEOREM 3.1 [S]. Let S be an EGQ of order (1, t). Then fir any t 2 1, 
S exists and is unique. 
Proof Since s = 1 it follows from Lemma 1.2 that e = 0 or 2, and then 
from Lemma 2.2, ,U = 2(t + 1). Hence by Lemma 2.3 the point graph of S is 
strongly regular with parameters n = 3(t + l), a = 2(t + l), c = t + 1, and 
d= 2(t + l), which leads to the following construction. 
Let T be a GQ of order (1, t). Add l+ 1 new points to T and then S has 
block set y u P for all blocks y of T and all new points P. 
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